A method of calculating an autocorrelation function with extremely narrow peaks is described. This is done by including terms in the autocorrelation expression corresponding to delays at 2•', 3•', etc., in addition to the usual term with delay •'. Implications in the frequency domain are explored. Graphs of this autocorrelation function for a number of violin sound samples, including a two-octave scale, vibrato, and glissando, are presented. Graphs of the autocorrelation function for some synthetic sound samples are also included.
INTRODUCTION
In assessing various fundamental frequency detection methods previously used in speech analysis to determine their applicability to the problem of extracting frequency from music, we have examined the method of autocorrelation. The use of a zero phase method, such as autocorrelation, is particularly promising for the study of musical signals since this means that contributions from all of the harmonics occur at the period of the fundamental, and any problem of a "missing" (or weak) fundamental is thus circumvented.
Although in one previous study • an extremely narrow peak in the autocorrelation function was obtained, this. was accomplished after a complicated method of spectral flattening of the waveform achieved in hardware. Another study 2 employed nonlinear processing of the input signal to achieve spectral flattening. In general, however, autocorrelation studies have relied on the identification of a rather broad peak to determine the pitch period. 3
We shall describe herein an elegant software method of obtaining a narrow peak in the autocorrelation function and shall demonstrate this narrowing quantitatively for a pure tone. Application to musical examples will be included, but the major focus of this article is on the calculation. In a later article, we shall give a detailed report on pitch tracking experiments that rely on the identification of this narrow peak, and these will be compared to several other methods used for musical pitch tracking.
Autocorrelation methods of analysis are most appropriate in the study of signals whose durations are at least several times the longest period studied. This requirement is met for most musical signals. The narrowing is obtained at the cost of an increase in the length of the sample analyzed and this results in less precision in time.
A narrow peak in the autocorrelation function is of interest for the study of musical signals as the identification of the peak can be thrown off by the presence of periodic noise with even a low amplitude. In Fig. 1 becomes more troublesome the narrower the peak; it could, of course, be corrected with a higher sampling rate, but at a high cost in computation time.
The width of the peaks at T, 2T, etc., is much narrower for a complex sound than for a pure tone, as it consists of the superposition of peaks due to the presence of each harmonic component. The ha!f-width of each component is proportional to the inverse product of N times the number of the component. Thus the width of the peak in the general case depends on the exact amplitudes of the harmonics present and the greater the amplitude of higher harmonics, the narrower the peak.
It is interesting to note that the mathematical treatment of a single harmonic component described above is identical Fortunately, it is usually not necessary to carry out the analysis with 17 terms since the correlation function of most musical signals is narrowed by the presence of higher harmonics by the mechanism discussed previously. In Fig. 6 we have calculated the narrowed autocorrelation, including only five terms in Eq. (lb) for the same pairs of notes as in the previous figure, but this time we have included ten harmonics of equal amplitude for each note. The resolution is, in fact, better here than in the previous figure calculated with 17 terms. The third and fourth pairs of notes at t = 0.2 s and t ----0.3 s show clearly the effects of discrete sampling. Following our previous discussion, the third pair should be resolved and the fourth pair should not be, whereas, in fact, the fourth pair is better resolved than the third. TABLE I. Periods in samples at 32 000 Hz for the pairs of notes, as found in Fig. 5, with a duration of 0.1 
